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1 Introduction

The purpose of this paper is to show that the infinite horizon average cost optimality equation that governs the

dynamic control of hospital admissions presented in Helm et al. (2010) can be analyzed by instead analyzing

the finite horizon discounted version of the problem. Please refer to that paper for the model formulation with

B ∈ {1, 2, 3, . . .} beds.

The average cost optimality equation is presented below for the reader’s reference:

Zπ = lim sup
T→∞

E
1

T

[ ∫ T

0

(
h′1(B −Xπ

1 (z))+ + τ ′(Xπ
1 (z)−B)+ + h′2X

π
2 (z)

)
dz + c′Nπ(T )

]
. (1)

A policy is then optimal if it achieves the optimal cost among all admissible policies Π as follows:

Z∗ = inf
π∈Π

Zπ. (2)

The rates that govern the stochastic processes Xπ
1 (t) and Xπ

2 (t) are the emergency patient arrival rate λe,

the elective patient arrival rate λs, the call-in patient arrival rate λq and a discharge rate of µ, where there are

B servers (beds) to serve patients.

The costs are the cancelation cost c, the cost per unit time of an empty bed h1, the cost per unit time of

holding a patient on the call-in queue h2, and the cost of having too many people in the hospital τ (which is

assessed for every patient in the hospital that exceeds the bed capacity B). The set of admissible policies, Π, is

the set of policies defined by the following controls on admission to the hospital.

1. Elective admissions arriving at a rate of λs can be

(a) rejected (canceled), or

(b) admitted.

2. Call-in patients arriving at a rate of λq can either be
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(a) admitted to the hospital, or

(b) placed on a call-in queue for later admission to the hospital.

3. Patients from the hospital are discharged at a rate of µ. When a discharge occurs, either

(a) the discharged patient can be backfilled by a patient from the call-in queue, so there is no change in

hospital census, but the number in the call-in queue decreases by 1, or

(b) the bed can be left empty for future arrivals.

To show that the results from a finite-horizon discounted problem also hold for the optimality equation above,

it is sufficient to show that the finite horizon discounted problem converges both in policy and in cost as the

length of the horizon goes to infinity. The following theorem formalizes this concept, and it’s proof is the subject

of this paper.

Theorem 1.1. For the average cost optimality equation the following hold.

(i) There exists an average-cost optimal stationary policy.

(ii) The optimal average cost can be computed by: Z∗ = infπ∈Π Z
π = limβ→1− limn→∞(1−β) Vn,β(x), where

Vn,β(x) is the n stage discounted value function.

(iii) Let πn,β, denote an optimal policy for the n-period (discounted cost) problem. Then any limit point πβ of

the sequence {πβ,n}n≥1 as n → ∞ is optimal for the infinite-horizon discounted cost. Moreover, any limit

point of the sequence {πβ}β∈(0,1) (as β → 1−) is average-cost optimal.

Sennott (1999) gives us sufficient conditions, called the SEN assumptions, for this theorem to hold. This paper

presents in detail the arguments to show that

1. The SEN assumptions hold our MDP model, and

2. The SEN assumptions guarantee that Theorem 1.1 holds.

This paper is organized as follows. In Section 2 we show that the SEN assumptions hold for our model. In

Section 3 we show how the SEN assumptions guarantee that Theorem 1.1 holds.

2 The SEN Assumptions

In this section we show that the SEN assumptions hold for our model. To do so, we draw upon a second set

of assumptions, the CAV assumptions Sennott (1999), that are sufficient for the SEN assumptions to hold. We

begin this section by defining important definitions that are needed for the CAV assumptions to hold in Section
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2.1. After defining the necessary terminology taken from Sennott (1999), we present the CAV assumptions and

prove that they hold for the hospital admission model, a controlled CTMC, defined by Equation 2, in Section 2.2.

2.1 Terminology

Definition 1. R(i,G) is the set of policies, θ, satisfying Pθ(Xn ∈ G for some n ≥ 1|X0 = i) = 1 and the

expected time miG of a first passage from i to G is finite (Sennott p. 139).

Definition 2. R∗(i,G) is the class of policies θ ∈ R(i,G) such that the expected cost ciG(θ) of a first passage from

i to G is finite (Sennott p. 140).

Definition 3. ciG(θ) the expected cost of a first passage from i to G (Sennott p. 139).

Definition 4. miG the expected time of a first passage from i to G (Sennott p. 140).

Definition 5. Let d be a stationary policy. Then d is a z standard policy if the MC induced by d is z standard.

Definition 6. A MC is z standard if there exists a distinguished state z such that miz <∞ and ciz <∞ for all

i ∈ S.

In these definitions the capital letter, G, refers to a set of states whereas the lowercase z refers to a single in

the final 2 definitions. While this is a small abuse of notation, this is the notation used by Sennott (1999) and

the meaning should be clear that miG = miz ∀z ∈ G.

2.2 Proof of the CAV Assumptions for a Hospital Admission Control Model

The CAV assumptions defined below provide a convenient set of conditions that guarantee that the SEN as-

sumptions hold. The CAV assumptions are often used instead of directly applying the SEN assumptions because

the CAV assumptions are easier to verify in many queueing systems. In this section we first present the CAV

assumptions and then we prove that they hold for our hospital admission control model.

Definition 7. CAV Assumptions

(CAV1) There exists a z standard policy d with positive recurrent class Rd.

(CAV2) Let C(i, a) be the one stage cost associated with being in state i and taking action a. Given U > 0 the

set DU = {i|C(i, a) ≤ U for some a} is finite.

(CAV3) Given i ∈ S −Rd, there exists a policy θi ∈ R∗(z, i).

Before proving that the CAV assumptions hold for our model, we first define a policy, d, that can be used

to show that CAV1 holds and a set of policies {d′i: i ∈ S − Rd} that can be used to show that CAV3 holds.

After describing the properties of the Markov chain induced by these policies, we then define a stochastic process,
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xm(n), based on the Markov chain induced by policy d and analyze the properties of this process that are used

in the proof of CAV1. A similar process can be defined for policies d′i, but we omit the full exposition of CAV3

because the steps are very similar to those used to prove CAV1.

Consider the policy, d, that (1) cancels all arriving scheduled patients and (2) always admits call-in patients

to the hospital when they arrive and (3) always admits a patient from the call-in queue, if there is at least one,

when there is a system departure or when there are 0 full beds in the hospital. After ignoring the transient states

in which x2 > 0 the MDP reduces to a Birth Death process in x1 with λ = λe + λq in all states and µn = x1µ if

x1 < B and µn = Bµ if x1 ≥ B. This policy induces the chain described in Figure 1.

0, x2 1, x2 2, x2

1, x2-1 2, x2-1

0, 0 2, 0 2, 0

λ=λ
e
+λ

q

λ
s

Βµ

µ 2µ

λ
s
+(B-1)µ λ

s
+(B-2)µ

µ 2µ

λ λ

λ=λ
e
+λ

q
λ=λ

e
+λ

q

λ=λ
e
+λ

q

λ=λ
e
+λ

q

Figure 1: Markov chain induced by policy d. States in the box compose the only recurrence class, Rd.

The policy d′i depends on the policy d and the z for which d induces a z-standard Markov chain. In our

proof of CAV1, even though there are many states that could satisfy the role of z, we let z = (0, 0) W.L.O.G.

The policy d′i is defined for states i ∈ S − Rd, for the policy d. Such states can be characterized by {(x, y) s.t.

y > 0,x ∈ R}. For a given state i = (x, y) ∈ S − Rd consider the policy d′i that (1) when the number in the
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call-in queue is less than y, the controller places all arriving call-in patients on the call-in queue and does not

call in any patients upon service completion (2) if the number in the call-in queue equals y the controller admits

arriving call-in patients directly into the hospital but does not call in patients upon service completion and (3) if

the number in the call-in queue is greater than y the controller admits arriving call-in patients directly into the

hospital and calls in patients upon service completion. Regardless of state, the controller always cancels elective

arrivals. This policy is depicted in Figure 2
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Stable 1-D B-D MC

Figure 2: Markov chain induced by policy d′y where y ∈ S−Rd. States in the box compose the only recurrence class, Rd.

The final step before proceeding to the proof of the CAV assumptions is to define a stochastic process xm(n)

that will help us in analyzing the finiteness of the expected first passage time and expected cost of a first passage

between various states and z = (0, 0) for CAV1. An analogous process can be defined to aid the analysis of CAV3,

but as mentioned we abbreviate this analysis because it follows very similar arguments to that of CAV1. In words

xm(n) is a non-decreasing sequence (which can be seen from Figure 1) of the number of patients in the hospital

after each downward transition (decrease) in call-in patients.

Definition 8. xm(n) is the number of patients in the hospital when the number of call-in patients in the hospital

transitions from n+ 1 to n, given that there are initially m patients in the hospital.

Note that in the definition, m remains fixed and n varies along the set n = i2, i2 − 1, . . . , 1, 0 where i2 is
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the number of call-in patients in the call-in queue when we initialize the process. This is a recursive process

which requires an initial state. Suppose the initial state is i = (i1, i2), then we initialize the stochastic process as

xi1(i2) = i1 and we consider the entire process to be the set x(i1, i2) = {xi1(i2),xi1(i2− 1), . . . ,xi1(1),xi1(0)}. In

order to prove CAV1, we will use the fact that the expectation of this stochastic process is finite. In other words,

the expected number of patients in the hospital at each “row” (i.e., keeping a fixed length of the call-in queue) of

the Markov chain induced by d is finite. This is formalized by the following lemma.

Lemma 2.1. For a given state i = (i1, i2) ∈ S − Rd, where there are i2 patients in the call-in queue and i1

patients in the hospital, we have that E[xi1(n)] <∞ ∀n ≤ i2.

Proof. It suffices to consider only states where i1 ≥ B (and therefore xi1(n) ≥ B ∀n ≤ i2). Some simple

intuition is enough to see why this is sufficient. Consider any starting state j = (j1, j2) s.t. j1 < B. It is easy

to see that E[xj1(j2)] ≤ E[xB(j2)] ≤ E[xi1(j2)] for i1 ≥ B when one considers the fact that the Markov chain

only transitions to states with more patients in the hospital (see Figure 1) until it reaches the recurrent class Rd

(which is the stopping condition for our process xm(n)). So if E[xi1(j2)] < ∞ for i1 ≥ B so is E[xj1(j2)] for

j2 < B. Thus W.L.O.G. we proceed under the assumption that i1 ≥ B, where i1 is the initial number of patients

in the hospital.

Assuming i1 ≥ B we let Z be the random variable for the number of patients admitted to the hospital in

between two service completions. Since i1 ≥ B and the chain only transitions to increasing levels of hospital

census, the arrival and discharge parameters remain constant at λ and Bµ respectively. Thus in all feasible

states, the distribution on Z is the same for all call-in queue levels n = i2, i2 − 1, . . . , 1 (see Figure 1). It is easy

to show that Z is the modified Geometric( Bµ
λ+Bµ ), with E[Z] = λ

Bµ :

P (Z = k) =
( λ

λ+Bµ

)k
·
( Bµ

λ+Bµ

)
, k = 0, 1, 2, . . .

Using Z we can define x1(n) using the recursive equation

xi1(n) = Z + xi1(n+ 1). (3)

To show that E[xi1(n)] <∞ we rely on the recursive definition in Equation 3 and the base case E[xi1(i2)] = i1

to get

E[xi1(i2 − 1)] = E[xi1(i2) + Z] = E[xi1(i2)] + E[Z] = i1 +
λ

Bµ
<∞.

Similarly E[xi1(n)] can be show to be

E[xi1(n)] = E[xi1(n+ 1) + Z] = E[xi1(n+ 2) + Z + Z] = · · · = i1 + (i2 − n)E[Z]

= i1 + (i2 − n)
λ

Bµ
<∞.
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Now we are ready to prove the CAV assumptions.

Lemma 2.2. CAV1 holds for our model.

Proof. To prove CAV1, we need to show that policy d induces a positive recurrent class Rd and that d is z-standard.

We first show that (I) the Markov chain induced by d has a positive recurrent class Rd. Then we show that

(II) for any state, i, miz < ∞, where z = (0, 0) and we want to show that the Markov chain induced by d is

z-standard. Finally we show that (III) for any state, i, ciz < ∞ where z is as in (II). These 3 conditions satisfy

the requirements for d to be a z-standard policy with positive recurrent class Rd, and thus satisfy CAV1.

(I) We will show that the Markov chain associated with the one-dimensional Birth-Death process, composed

of the states in the box in Figure 1, is ergodic in x1, with x2 fixed at 0. The recurrence class associated with this

policy, d, is Rd = {(x1, 0)|x1 ≥ 0}. All subsequent arguments refer to the one-dimensional birth death Markov

chain highlighted by the box in Figure 1, whose states compose the recurrence class Rd. It is obvious that in this

birth-death chain, all states communicate. Therefore the condition for the birth death process defined by policy

d to be positive recurrent is ∃N such that for all n > N we have that λn/µn < ∞ Kleinrock (1975). Therefore

Rd is indeed positive recurrent, since λ/(Bµ) < 1.

(II) Now we need to show that for any state, i, the first passage time to z ∈ Rd is finite; miz <∞. We begin by

showing this for states i ∈ Rd. For i ∈ Rd the first passage time from i→ z where i = (x, 0), z = (y, 0), x, y ∈ R,

is miz <∞ as shown in Jouini and Dallery (2008) since the MC induced by policy d is a stable birth-death process.

Therefore, W.L.O.G., let us show the system is a z standard MC where z = (0, 0).

Now we consider any state, i, not in recurrence class Rd, i.e. i ∈ {(i1, i2) s.t. i2 > 0}. Since i is a transient

state, the amount of time spent in i is finite almost surely and the process enters the recurrence class in a finite

amount of time with probability 1. In fact the expected time to enter the recurrence class is simply the expected

time of i2 service completions, since the state will decrease by e2 = (0, 1) after every service completion. In

other words, after each service completion, the call-in queue will decrease by 1 and the number of patients in the

hospital will remain the same (see Figure 1).

For i1 > 0 this expected time is i2
µ , since it is simply the expected time to have i2 service completions. Note

that, when i1 > 0, there will always be at least one patient in the hospital while the system is in a transient state.

This can be seen in the diagram of the induced Markov chain, Figure 1. In this diagram, in all transient states

the only system transitions are (1) self loops, (2) transition to a state with 1 more patient in the hospital, or (3)

a transition to a state with one fewer patient on the call-in queue. Thus once i1 > 0, we will have at least i2

service completions before reaching the state with zero patients in the hospital in which no service completions

occur.

If i1 = 0, there is no one receiving service in the hospital, but a patient is called in at a rate of Bµ and a
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patient arrives to the hospital with rate λ = λe + λq. Thus a patient enters the hospital with rate λ+ Bµ. The

expected time to reach 0 patients in the call-in queue given i1 = 0 is then

1

λ+Bµ
+

λ

λ+Bµ
· i2
µ

+
Bµ

λ+Bµ

( i2 − 1

µ

)
<∞. (4)

.

As noted previously, the key is that the number of patients in the hospital never decreases while the system

resides in the transient states because every departure is backfilled by a patient from the call-in queue. The

equation above can be understood as follows. First note that when there are zero patients in the hospital, the

system transitions out of this state with a rate of λ+ Bµ according to the competing exponentials of an arrival

(call-in λq or emergency λe) and a call-in (Bµ). Therefore the first term in the equation above represents the time

for either an arrival to the hospital or a call in from the call-in queue to occur. The second term represents the

expected time to empty the call-in queue if the event is an arrival to the hospital multiplied by the probability that

the event triggering the initial transition was an arrival to the hospital. Note that once the arrival occurs, there

process must now complete i2 services successive, thereby admitting the i2 patients on the call-in queue to the

hospital and emptying the call-in queue. The third term represents the expected time to empty the call-in queue

if the triggering event is a call in from the call-in queue multiplied by the probability that the triggering event is

a call-in from the call-in queue. In this case, the triggering event itself causes the call-in queue to decrease by 1

and so to empty the call-in queue the process now needs only i2 − 1 service completions to admit the remaining

i2 − 1 patients on the call-in queue to the hospital.

We have shown that the expected amount of time for the Markov chain to enter the recurrent class Rd is finite,

but now we must consider where the process enters Rd to be sure that the remaining time to reach z = (0, 0) is

indeed finite in expectation. To do so we rely on the stochastic process x(i1, i2). In particular, the element from

this process that we are interested in is xi1(0), which is precisely the random variable that describes the state,

w(i1) =
(
xi1(0), 0

)
, at which the Markov chain initially enters Rd. To show that the time to reach z = (0, 0) from

i ∈ S − Rd it remains to show that E[mw(i1)z] < ∞, where the expectation is taken over the random variable

xi1(0). To show this relationship, we first present a formula for mxz in terms of x. Then we take the expectation

of this formula, replacing x with w(i1) =
(
xi1(0), 0

)
.

Recall that once the Markov chain enters Rd, it becomes a one dimensional birth-death process, which means

we can rely on standard theory of stable birth-death processes. To this end it can be shown that mxz =
∑x
n=1 θn

where

θn =
1

λn−1πn−1

∞∑
m=n

πm
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is the expected cost to go from n patients in the hospital to n−1 patients in the hospital, from Jouini and Dallery

(2008). In the above equation, πn represents the equilibrium probability that there are n patients in the hospital.

It is well known that the equilibrium distribution for this birth-death process can be written as

πn =

 π0

[
λn

µ(n−1)!

]
if n < B

π0

[
λB−1

µ(B−1)! ·
(
λ
Bµ

)n−B+1]
if x1 = 0,x2 > 0

For simplicity of analysis we again only treat those states x = (x1, 0) where x1 ≥ B because again for states

j = (j1, 0) where j1 < B it is obvious that mjz ≤ mBz ≤ mxz. It is, of course,intuitive that the expected time to

reach 0 increases as the starting state moves farther from 0.

We begin our analysis of mxz by defining

A =

B−1∑
n=1

θn <∞.

Note that A < ∞ because it is a finite sum of finite terms (it was already shown that mab < ∞ ∀a, b ∈ Rd).

This allows us to write

mxz = A+

x∑
n=B

θn.

Let us introduce some more notation to simplify the calculations. Let ρ = λ
Bµ and let C = π0

λB−1

µ(B−1)! . Since

we only need to consider θn for n ≥ B we can obtain a simple formula that shows θn is constant in n for n ≥ B

θn =
1

λ
· 1

C · ρn−B
·
∞∑
m=n

C · ρm−B+1 =
1

λ
· 1

ρn−B
· ρn−B+1

∞∑
m=0

·ρm =
( 1

λ

) ρ

1− ρ
=

λ

(Bµ)2
. (5)

We are now ready to present a formula for mxn in terms of x as

mxz = A+

x∑
n=B

θn = A+

x∑
n=B

λ

(Bµ)2
= A+ (x−B)

λ

(Bµ)2
.

The last step in the analysis is to show that E[mw(i1)z] <∞, where the expectation is taken over the random

variable xi1(0), which can be shown as

E[mw(i1)z] = E
[
A+ (xi1(0)−B)

λ

(Bµ)2

]
= A−B λ

(Bµ)2
+

λ

(Bµ)2
E[xi1(0)] <∞

This equation follows because A, B, λ, and µ are finite constants and we E[xi1(0)] <∞ by Lemma 2.1.

This completes the argument that miz < ∞ for i ∈ S − Rd because we have that (1) E[miw(i1)] < ∞ by 4

and (2) E[mw(i1)z] <∞ by 6, which shows that miz = E[miw(i1)] + E[mw(i1)z] <∞.

(III) To see that ciz is finite first, consider i ∈ Rd. Since the system is already in the recurrence class in which

the size of the call-in queue is 0, we can analyze the cost of the first passage as the cost of a first passage in a
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stable birth death process. McNeil (1970) showed that the cost/reward of the first passage from state i → z for

a general birth death process with parameters λn and µn and reward function g(x) has the same distribution as

the first passage time for what we will call our “cost modified birth death process” with parameters λ∗n = λn

g(n)

and µ∗n = µn

g(n) .

In the case of the birth death process induced by policy d, we have λ∗n = λ
c+h1(B−n)++τ(n−B)+ and µ∗n =

(B
∧
n)µ

c+h1(B−n)++τ(n−B)+ since there are 0 patients on the call-in queue after entering the recurrence class Rd. Thus

ciz = m∗iz where m∗iz is the expected first passage time for the cost modified birth death process with parameters

λ∗n and µ∗n. Thus if m∗iz <∞ then ciz <∞. From Kleinrock (1975) and part (1) above, we know that m∗iz <∞

if ∃m0 s.t. m > m0 ⇒ λ∗
n

µ∗
n
< 1. Let m0 = B. Then for n > B we have

λ∗n
µ∗n

=

λ
c+τ(n−B)

Bµ
c+τ(n−B)

=
λ

Bµ
< 1. (6)

Therefore the first moment of the first passage time between any 2 states in the modified birth death process

is finite: m∗iz <∞. This in turn implies that ciz = m∗iz <∞. Thus for any state i ∈ Rd, we now have ciz <∞.

Next consider i ∈ S − Rd. We already argued that for such a state i = (i1, i2), the expected time to reach

a state j in the recurrent class Rd is finite (mij < ∞). Furthermore, the costs in each state are bounded above

by a linear function of x1 (not necessarily a tight bound); i.e. C ′x2
(x1) = c + h1B + h2 · x2 + τx1. The first 3

terms are constant since the maximum cost the system could incur in a unit of time from cancelation is c, and

from empty beds is h1B. Finally since the policy d ensures that the number of patients on the call-in queue will

never exceed the initial number of patients on the queue, x2, the maximum call-in patient holding cost that can

be incurred in a given period is h2 · x2. Thus the costs are bounded above by a linear function of x1.

In order to show that the expected cost to go from i2 patients in the call-in queue (i.e. i ∈ S − Rd), to 0

patients in the call-in queue (a state j ∈ Rd), we break the transitions down into pieces. First we consider the

expected cost to go from i2 patients in the call-in queue to i2 − 1 patients in the call-in queue. Then we consider

the expected cost to go from i2 − 1 to i2 − 2 and continue iteratively until we reach the cost to go from 1 patient

in the call-in queue to 0 patients in the call-in queue. The policy d guarantees that once a transition from i2 to

i2 − 1 patients in the call-in queue has occurred, the chain will never go back up to i2 again (as can be seen in

Figure 1), which supports the use of such an approach.

To complete our analysis we first define the expected cost to go from a state with n patients in the call-in

queue, to a state with n − 1. Formally, we define Mx,n as the expected cost for the number of patients in the

call-in queue to decrease by 1 given the system is currently in state (x,n).

In order to show that ciz <∞ for i ∈ S−Rd we first show that Mx,n <∞ ∀x,n > 0. Then we show that cij

for j ∈ Rd can be calculated as a sum of M(·,·) terms and can thereby be guaranteed to be finite. To show that
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ciz is finite, however, we use the stochastic process, xi1(i2), that describes the number of patients in the hospital

at specific epochs where a patient is called in off the call-in queue. Then we show that E[x·(·)] <∞ is sufficient

for ciz will be finite.

Before developing Mx,n further, first consider the random variable Yx1
that represents the number of arrival

transitions that occur before a departure transition when there are x1 patients in the hospital. If x1 ≥ B it is

clear that Yx1 is simply a modified Geometric( Bµ
λ+Bµ ) with range k = 0, 1, 2, . . .. If x1 < B then Y has a slightly

more complicated distribution, which we express in terms of P (Yx1 ≥ k):

P (Yx1
≥ k) =

∞∑
j=k

( B ∧ (x1 + j)µ

λ+B ∧ (x1 + j)µ

) j−1∏
m=0

( λ

λ+B ∧ (x1 + j)µ

)
.

Rewriting this expression in a more usable form we get

P (Yx1
≥ k) =

B−x1−1∑
j=k

( (x1 + j)µ

λ+ (x1 + j)µ

) j−1∏
m=0

( λ

λ+ (x1 + j)µ

)
+

∞∑
j=
(
k−(B−x1)+

)+
( Bµ

λ+Bµ

)( λ

λ+Bµ

)j
·
B−x1−1∏
m=0

( λ

λ+ (x1 +m)µ

)
.

Note that, for the sums and products, if the upper limit is lower limit the value taken to be 1 for products and

0 for sums by convention. Now that we have the distribution for Y , we can proceed to provide a bound on Mx,n

as follows

Mx,n ≤
∞∑
k=0

[( B ∧ (x+ k)µ

λ+B ∧ (x+ k)µ

)
·
k−1∏
j=0

( λ

λ+B ∧ (x+ j)µ

)]
·
[ k∑
m=0

( 1

λ+B ∧ (x+ j)µ

)
C ′n(x+ j)

]

=

B−x−1∑
k=0

( 1

λ+ (x+ k)µ

)
C ′n(x+ k) · P (Yx ≥ k) +

∞∑
k=(B−x)+

( 1

λ+Bµ

)
C ′n(x+ k) · P (Yx ≥ k). (7)

The first step follows because C ′n(x) is an upper bound on the cost associated with being in state x. Note that

the cost is multiplied by the expected length of time spent in the state,
(

1
λ+B∧(x+k)µ

)
, and by the probability

that there are k − 1 arrivals before a service,
∏k−1
j=0

(
λ

λ+B∧(x+j)µ

)
. The second step follows from some algebra.

Note that if x ≥ B then the first term on the second step will be zero. We want to show that Mx,n < ∞ for all

finite n and x. To this end, note that the first term in the second step of the above equation is finite for all x so it

is sufficient to instead focus solely on showing that
∑∞
k=(B−x)+

(
1

λ+Bµ

)
C ′n(x+ k) · P (Yx ≥ k) <∞. To simplify

the following expression let Dx =
(

λ
λ+Bµ

)−(B−x)+

·
(

Bµ
λ+Bµ

)
·
∏B−x−1
m=0

(
λ

λ+(x+m)µ

)
. Now we can show that the

quantity of interest is finite.
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∞∑
k=(B−x)+

( 1

λ+Bµ

)
C ′n(x+ k) · P (Yx ≥ k)

=

∞∑
k=(B−x)+

( 1

λ+Bµ

)
C ′n(x+ k) ·

∞∑
j=k−(B−x1)+

( Bµ

λ+Bµ

)( λ

λ+Bµ

)j
·
B−x1−1∏
m=0

( λ

λ+ (x1 +m)µ

)

=

∞∑
k=(B−x)+

( 1

λ+Bµ

)
C ′n(x+ k) ·

( λ

λ+Bµ

)k
Dx

∞∑
j=0

( λ

λ+Bµ

)j
=
( 1

λ+Bµ

)
Dx

(λ+Bµ

Bµ

) ∞∑
k=(B−x)+

C ′n(x+ k) ·
( λ

λ+Bµ

)k
≤ Dx

Bµ

∞∑
k=0

(
c+ h1B + h2 · n+ τ(x+ k)

)
·
( λ

λ+Bµ

)k
=
Dx

Bµ

(λ+Bµ

Bµ

)
C ′n(x) +

τDx

Bµ

∞∑
k=0

k ·
( λ

λ+Bµ

)k
=
Dx(λ+Bµ)

(Bµ)2
C ′n(x) +

τDx

Bµ

[( λ

Bµ

)2

+
λ

Bµ

]
<∞. (8)

The first step just applies the definition of P (Yx ≥ k). The second step involves of change of variable in the

second sum and taking constant multipliers outside the sum. The third step applies the formula for an infinite

sum with p < 1 and takes multipliers that are not indexed by k outside the left most sum. The fourth step just

applies the definition of C ′n(x+k) and applies a loose upper bound by adding a non-negative number of additional

positive terms to the sum. The fifth step separates the terms that are indexed by k (i.e. τk) and those that are

not (i.e. C ′n(x)) and evaluating the infinite sum for those terms not indexed by k. The final step follows from the

fact that if p < 1 then
∑∞
i=0 ip

i = p
(1−p)2 . This shows that Mx,n < ∞ for all x,n > 0. The results is obviously

finite for finite x and n.

The next piece of the proof is to use the elements of {Mx,n : 0 ≤ n ≤ i2 } to build a bridge from i2 patients

in the call-in queue down to 0 patients in the call-in queue. To do so, we again rely on the process xi1(i2) of the

number of patients in the hospital after each downward transition (decrease) in call-in patients. We show that

E[xi1(i2)] <∞, guarantees that ciz <∞.

For our purpose, we let x1(i2) = i1 for the starting state i = (i1, i2) ∈ S − Rd. The goal now is to use x1(n)

and the function Mx,n to show that the total cost of emptying the call-in queue is finite. From Equations 7 and

8 we can see that

Mx,n ≤ Hx +
Dx(λ+Bµ)

(Bµ)2
C ′n(x) +

τDx

Bµ

[( λ

Bµ

)2

+
λ

Bµ

]
. (9)

Where Hx =
∑B−x−1
k=0

(
1

λ+(x+k)µ

)
C ′n(x + k) · P (Yx ≥ k) < ∞) ∀x > 0 is a finite constant. To further isolate

12



the effect of x on the finiteness of Mx,n we can again bound Mx,n by replacing Hx with H defined as

Hx =

B−x−1∑
k=0

( 1

λ+ (x+ k)µ

)
C ′n(x+ k) · P (Yx ≥ k)

≤
B∑
k=0

( 1

λ+ (x+ k)µ

)
C ′n(x+ k) · P (Yx ≥ k) = H.

In the same manner we also replace Dx with D defined as

Dx =
( λ

λ+Bµ

)−(B−x)+

·
( Bµ

λ+Bµ

)
·
B−x−1∏
m=0

( λ

λ+ (x+m)µ

)
≤
(λ+Bµ

λ

)B
= D.

If we now consider Mx,n as a function of x note that all terms are constant except for D(λ+Bµ)
(Bµ)2 τx. If we let

H ′n = H +
D(λ+Bµ)

(Bµ)2
(c+ h1B + h2 · n) +

Dτ

Bµ

[( λ

Bµ

)2

+
λ

Bµ

]
.

represent all the terms that are constant in x we can obtain a bound on Mx,n that is linear in x,

Mx,n ≤ H ′n +
D(λ+Bµ)

(Bµ)2
τx (10)

To show that the cost to empty the call-in queue is finite it suffices to show
∑i2
n=1Mxi1 (n),n < ∞. Recall that

xm(n) is the stochastic process that represents the how many patients have entered the hospital by the time we

have been able to admit patient n+ 1 from the call-in queue. In other words, xm(n) gives us the horizontal (see

Figure 1) position in the Markov chain as we march down in the vertical dimension; i.e. emptying the call-in

queue from i2 patients on the queue to 0 patients on the call-in queue. The following relation shows that ciz is

indeed finite

E
[ i2∑
n=1

Mxi1
(n),n

]
≤ E

[ i2∑
n=1

H ′i2 +
D(λ+Bµ)

(Bµ)2
τxi1(n)

]
= i2 ·H ′i2 +

D(λ+Bµ)

(Bµ)2
τ

i2∑
n=1

E[xi1(n)] <∞ (11)

The first step follows from Equation 10. The third step follows because for any finite i1, i2, E[xi1(n)] <

∞ ∀n < i2 by Lemma 2.1. We have shown that the expected cost for the Markov chain to enter the recurrent

class Rd is finite, but now we must consider where the process enters Rd to be sure that the remaining cost

to reach z = (0, 0) is indeed finite in expectation. As in part (II) above we rely on the stochastic process

x(i1, i2) = {xi1(0),xi1(1), . . . ,xi1(i2)}. In particular, the element from this process that we are interested in is

xi1(0), which is the random variable that describes the random state, w(i1) =
(
xi1(0), 0

)
, at which the Markov

chain initially enters Rd. To show that the expected cost to reach z = (0, 0) from i ∈ S −Rd it remains to show

that E[cw(i1)z] <∞, where the expectation is taken over the random variable xi1(0).

The following argument shows that E[cw(i1)z] < ∞. (1) Once we enter Rd, to analyze the cost to go from

w(i1)→ z we can consider the cost modified birth-death chain (with λ∗n = λn

g(n) and µ∗n = µn

g(n) ) presented at the

beginning of this part of the proof (part (III)). (2) From Equation 6 in part (II) we know that E[mw(i1)z] < ∞.

From the same arguments used in part (II) it follows that

E[cw(i1)z] = E[m∗w(i1)z] <∞. (12)

13



where m∗w(i1)z the expected time to reach state z = (0, 0) from state w(i1) in the cost modified birth death chain.

This completes the argument that ciz <∞ for i ∈ S −Rd because we have that (1) E[ciw(i1)] <∞ by Equation

11 and (2) E[cw(i1)z] < ∞, by applying Equation 6 to the cost modified birth-death process which shows that

ciz = E[ciw(i1)] + E[cw(i1)z] <∞.

We have now shown (I) the Markov chain induced by d has a positive recurrent class Rd. Then we show that

(II) for any state, i, miz < ∞, where z = (0, 0) and we want to show that the Markov chain induced by d is

z-standard. Finally we show that (III) for any state, i, ciz < ∞. Therefore the MC induced by d is z standard

and CAV1 holds.

Lemma 2.3. CAV2 holds for our model

Proof. Take any U > 0. The set DU contains at most those states (x, y) s.t. h1y + (x − B)+τ < U which is

bounded above by states where y < U
h1

and x < U
τ +B and bounded below by (0, 0). This set is clearly finite for

non-zero parameters τ and h1.

Lemma 2.4. CAV3 holds for our model.

Proof. As in CAV 1 we need to show that d′i satisfies CAV3. To show that this policy satisfies CAV3 we follow

a similar approach to the proof of CAV1. We first show that (I) the Markov chain induced by d′i reaches state

i with probability 1. Then we show that (II) for z = (0, 0), mzi < ∞. Finally we show that (III) for any state,

i ∈ S −Rd, czi <∞ under policy d′i. These 3 conditions satisfy the requirements for CAV3.

(I) This policy guarantees with probability 1 that, starting at state z the process will reach state i for any

i ∈ S−Rd. This is because the system will steadily build up to y patients on the call-in queue and then maintain

exactly that number in the call-in queue from there on out as can be seen in Figure 2. Once reaching state (u, y)

for an arbitrary u, the MC again becomes a stable birth death process in the first state variable, with the second

state variable fixed at y. In a stable birth death process, given that you start in state (u, y), you will eventually

visit state (w, y) with probability 1 and the mean first passage time between the two states will be finite as argued

in the proof of CAV1.

(II) The expected time to reach a given state i ∈ S−Rd from state z = (0, 0) can be defined as i2
λq

+E[mw(i2)z]

where w(i2) is the random variable for the state of the hospital when the process reaches a call-in queue length

of i2. Following the same arguments from the proof of Lemma 2.2 and defining a stochastic process y(i) =

{y(0), y(1), . . . , y(i)}, which is analogous to the stochastic process x(i) used in Lemma 2.2 we can show the total

expected time to go from z → i is mzi <∞ for all i ∈ S.

(III) The fact that i ∈ S − Rd czi(d
′
i) < ∞ follows using similar arguments to those used to prove CAV1

part (II) in Lemma 2.2. Therefore ∀i ∈ S −Rd we have that d′i ∈ R∗(z, i).
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This completes the proof of the CAV Assumptions. Now we proceed to show the main result, that Theorem

1.1 holds for our model of admission control in hospitals.

3 Proof of the Main Result

In Section 2 we showed that the CAV assumptions hold. The proof of Theorem 1.1 now follows by showing that

the CAV assumptions imply the SEN assumptions and the SEN assumptions guarantee the results of the theorem.

Proof. of Theorem 1.1 First, from Corollary 7.5.9 and Theorem 7.5.6 (i) of Sennott (1999) the SEN assumptions

hold if the CAV assumptions hold. Now the finite-horizon discounted problem converges to the infinite-horizon

discounted problem by Proposition 4.3.1 of Sennott (1999). Finally, as a result of the SEN assumptions, the

infinite-horizon discounted problem converges to the infinite-horizon average cost per unit time problem as the

discount factor goes to 1 by Theorem 7.2.3 of Sennott (1999), which proves our Theorem 1.1 (i) and (ii). Part

(iii) of Theorem 1.1 follows from Proposition 4.3.1 of Sennott (1999) for the infinite-horizon discounted problem

and from Theorem 7.2.3 we get that the same holds for the infinite-horizon average cost per unit time problem.

This concludes our main result by completing the proof of Theorem 1.1.
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